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Abstract
This study concerns the existence of positive solutions to the boundary value problem
u′′ + a(t)f (u)= 0, t ∈ (0, 1),
u′(0)=
n−2∑
i=1
biu
′(i ), u(1)=
n−2∑
i=1
aiu(i ),
where i ∈ (0, 1) with 0< 1< 2< · · ·< n−2< 1, ai , bi ∈ [0,∞) with 0<
∑n−2
i=1 ai < 1 and
∑n−2
i=1 bi < 1. By
applying the Krasnoselskii’s ﬁxed-point theorem in Banach spaces, some sufﬁcient conditions guaranteeing the
existence of at least one positive solution or at least two positive solutions are established for the above general
n-point boundary value problem.
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1. Introduction
The multi-point boundary value problems for ordinary differential equations arise in a variety of
different areas of applied mathematics and physics. The study of multi-point boundary value problems
for linear second order ordinary differential equations was initiated by Il’in and Moiseev [6]. Since then,
nonlinear multi-point boundary value problems have been studied by several authors using the Leray-
Schauder Continuation theorem, coincidence degree theory, and ﬁxed-point theorem in cones [1,2,5].We
refer the reader to [10,3,9,4,8] for other recent results on nonlinear multi-point boundary value problems.
Recently, Ma and Castaneda [10] studied the existence problem of the general n-point boundary value
problem
u′′ + a(t)f (u)= 0, t ∈ (0, 1),
u′(0)=
n−2∑
i=1
biu
′(i), u(1)=
n−2∑
i=1
aiu(i), (1.1)
under the following assumption:
(A1) i ∈ (0, 1) with 0< 1< 2< · · ·< n−2< 1. ai , bi ∈ [0,∞) (i = 1, 2, . . . , n − 2) satisfying
0<
∑n−2
i=1 ai < 1 and
∑n−2
i=1 bi < 1.
(A2) f ∈ C([0,∞), [0,∞)); a ∈ C([0, 1], [0,∞)) and a(t) /≡ 0 on [0, 1].
They show that the boundary value problem (1.1) has at least one positive solution in one of the
following cases
(i) f0 = 0 and f∞ =+∞ (Superlinear case),
(ii) f0 =+∞ and f∞ = 0 (Sublinear case),
where
f0 = lim
u→0+
f (u)
u
, f∞ = lim
u→+∞
f (u)
u
. (1.2)
It is natural to put forward problems such as, whether or not we can obtain a similar conclusion if
f0= f∞= 0 or f0= f∞=∞ and whether or not we can obtain a similar conclusion if f0, f∞ /∈ {0,∞}.
Thepurpose of this paper is to generalize the results in [10] and to establish some sufﬁcient conditions for
the existence of positive solutions to the boundary value problem (1.1) without the superlinear condition
or sublinear condition, which gives a positive answer to the questions stated above. The key tool in ﬁnding
our main results is the following well-known ﬁxed-point theorem due to Krasnoselskii [7].
Theorem 1.1. Let E be a Banach space and K be a cone in E. Assume 1 and 2 are open subsets of E,
with 0 ∈ 1 ⊂ 1 ⊂ 2, and let A : K ∩ (2\1) −→ K be a completely continuous operator such that
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either
‖Au‖‖u‖ for u ∈ K ∩ 1 and ‖Au‖‖u‖ for u ∈ K ∩ 2,
or
‖Au‖‖u‖ for u ∈ K ∩ 1 and ‖Au‖‖u‖ for u ∈ K ∩ 2.
Then A has a ﬁxed point in K ∩ (2\1).
2. Preliminaries and some basic lemmas
In the sequel we shall denote by E = C[0, 1] the space of all continuous functions u : [0, 1] −→ R.
This is a Banach space when it is endowed with the usual sup-norm
‖u‖ := sup
t∈[0,1]
|u(t)|.
For convenience sake we set
=
∑n−2
i=1 ai(1− i)
1−∑n−2i=1 aii , 1 =
1−∑n−2i=1 ai∑n−2
i=1 ai(1− i)
∫ 1
0 a(s) ds
,
2 =
1−∑n−2i=1 ai∫ 1
0 (1− s)a(s) ds +
∑n−2
i=1 bi
∫ i
0 a(s) ds
1−∑n−2i=1 bi
(
1−∑n−2i=1 aii)
(2.1)
and set
K =
{
u ∈ E |u0, inf
t∈[0,1] u(t)‖u‖
}
,
which is clearly a cone in E. It is easy to show the following lemmas, for the details of the proof, we refer
the reader to [10].
Lemma 2.1. If∑n−2i=1 ai = 1,∑n−2i=1 bi = 1, i ∈ (0, 1) (i = 1, 2, . . . , n − 2) and h(t) ∈ C[0, 1], then
the n-point boundary value problem
u′′(t)+ h(t)= 0, 0< t < 1,
u′(0)=
n−2∑
i=1
biu
′(i), u(1)=
n−2∑
i=1
aiu(i) (2.2)
has a unique solution
u(t)=−
∫ t
0
(t − s)h(s) ds − t + , (2.3)
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where
=
∑n−2
i=1 bi
∫ i
0 h(s) ds
1−∑n−2i=1 bi ,
= 1
1−∑n−2i=1 ai
(∫ 1
0
(1− s)h(s) ds −
n−2∑
i=1
ai
∫ i
0
(i − s)h(s) ds + 
(
1−
n−2∑
i=1
aii
))
.
Lemma 2.2. Suppose the condition A1 is satisﬁed. If h(t) ∈ C[0, 1] and h(t)0 on [0, 1], then the
unique solution u(t) of (2.2) satisﬁes u(t)0 for t ∈ [0, 1].
Lemma 2.3. Suppose the condition A1 is satisﬁed. If h(t) ∈ C[0, 1] and h(t)0 on [0, 1], then the
unique solution u(t) of (2.2) satisﬁes inf t∈[0,1] u(t)‖u‖.
We deﬁne the operator A : K −→ E by
Au(t)=−
∫ t
0
(t − s)a(s)f (u(s)) ds − t + . (2.4)
where  and  are as in Lemma 2.1 with h(s)= a(s)f (u(s)).
Lemma 2.4. If the conditions A1 and A2 are satisﬁed, then the operator deﬁned in (2.4) is completely
continuous and satisﬁes A(K) ⊆ K .
3. Proofs of main results
We are now in a position to present and prove our main results. In what follows, we always assume
that the conditions A1 and A2 are satisﬁed.
Theorem 3.1. The boundary value problem (1.1) has at least two positive solutions u1(t) and u2(t) such
that
0< ‖u1‖< < ‖u2‖
if the following assumptions are satisﬁed:
(H1) f0 = f∞ =+∞.
(H2) There exist constants > 0 andM ∈ (0, 2) such that
f (u)M, u ∈ [0, ].
Proof. Obviously, u(t) is a solution of the boundary value problem (1.1) if and only if u(t) solves the
operator equation
Au(t)= u(t),
where the operator A is deﬁned in (2.4). Thus we only need to verify that the operator A has two positive
ﬁxed points in K.
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At ﬁrst, in view of f0 = limu→0+ f (u)/u = +∞, then for a constant M1 ∈ [1 ,∞), there exists a
positive constant 1 ∈ (0, ) such that
f (u)M1u for u ∈ [0, 1]. (3.1)
Deﬁne the ﬁrst open subset of E by
1 = {u |u ∈ E, ‖u‖< 1}. (3.2)
Since
Au(0)= 1
1−∑n−2i=1 ai
(∫ 1
0
(1− s)a(s)f (u(s)) ds −
n−2∑
i=1
ai
∫ i
0
(i − s)a(s)f (u(s)) ds
+
∑n−2
i=1 bi
∫ i
0 a(s)f (u(s)) ds
1−∑n−2i=1 bi
(
1−
n−2∑
i=1
aii
))

1
1−∑n−2i=1 ai
(
n−2∑
i=1
ai
∫ 1
0
(1− s)a(s)f (u(s)) ds −
n−2∑
i=1
ai
∫ i
0
(i − s)a(s)f (u(s)) ds
)

∑n−2
i=1 ai(1− i)
∫ 1
0 a(s)f (u(s)) ds
1−∑n−2i=1 ai .
Thus, from (3.1) and (3.2) and noting inf t∈[0,1] u(t)‖u‖ for u ∈ K ∩ 1 ⊂ K , we get for any
u ∈ K ∩ 1
Au(0)
∑n−2
i=1 ai(1− i)
∫ 1
0 a(s)M1u(s) ds
1−∑n−2i=1 ai

M1‖u‖∑n−2i=1 ai(1− i) ∫ 10 a(s) ds
1−∑n−2i=1 ai ‖u‖, (3.3)
which implies
‖Au(t)‖‖u‖, u ∈ K ∩ 1. (3.4)
On the other hand, since limu→+∞ f (u)u = +∞, then, for a constant M2 ∈ [1 ,+∞) there exists a
positive constant 2> , such that
f (u)M2u for u> 2. (3.5)
Deﬁne the second open subset of E by
2 = {u |u ∈ E, ‖u‖< 2}. (3.6)
In the same way as above, we have
‖Au(t)‖‖u‖, u ∈ K ∩ 2. (3.7)
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Finally, deﬁne the open subset of E by
= {u |u ∈ E, ‖u‖< }. (3.8)
From the expression of Au(t) in (2.4) we can see
Au(t)
1
1−∑n−2i=1 ai
(∫ 1
0
(1− s)a(s)f (u(s)) ds +
∑n−2
i=1 bi
∫ i
0 a(s)f (u(s)) ds
1−∑n−2i=1 bi
×
(
1−
n−2∑
i=1
aii
))
.
Thus, for any u ∈ K ∩ , from condition (H2) we obtain
Au(t)
M‖u‖
1−∑n−2i=1 ai
(∫ 1
0
(1− s)a(s) ds +
∑n−2
i=1 bi
∫ i
0 a(s) ds
1−∑n−2i=1 bi
(
1−
n−2∑
i=1
aii
))
= M‖u‖
2
‖u‖, (3.9)
which implies
‖Au(t)‖‖u‖, u ∈ K ∩ . (3.10)
Therefore, it follows from (3.4), (3.7), (3.10) and Theorem 1.1 that, A has a ﬁxed point in K ∩ (\1)
and a ﬁxed point in K ∩ (2\). We ﬁnish the proof of Theorem 3.1. 
Theorem 3.2. The boundary value problem (1.1) has at least two positive solutions u1(t) and u2(t) such
that
0< ‖u1‖< ˜< ‖u2‖
if the following assumptions are satisﬁed:
(H3) f0 = f∞ = 0.
(H4) There exist constants ˜> 0 and M˜ ∈ (1 ,∞) such that
f (u)M˜ ˜, u ∈ [˜, ˜].
Proof. First, since f0= limu→0+ f (u)u = 0, then, for a constant  ∈ (0, 2] there exists a positive constant
˜1< ˜, such that
f (u)u for u ∈ [0, ˜1]. (3.11)
Deﬁne the ﬁrst open subset of E by
˜1 = {u |u ∈ E, ‖u‖< ˜1}. (3.12)
The same derivation can be used withM replaced by  in Eq. (3.9), we get
Au(t)
‖u‖
2
‖u‖, u ∈ K ∩ ˜1. (3.13)
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Second, in view of f∞ = limu→+∞ f (u)u = 0, then, for a constant ˜ ∈ (0, 2] there exists a positive
constant ˜2> ˜, such that
f (u) ˜u, u ∈ [˜2,∞). (3.14)
Now deﬁne the second open subset of E by
˜2 = {u |u ∈ E, ‖u‖< ˜2}. (3.15)
In the same way as above, we have
‖Au(t)‖‖u‖, u ∈ K ∩ ˜2. (3.16)
Finally, deﬁne the open subset of E by
˜= {u |u ∈ E, ‖u‖< ˜}. (3.17)
In virtue of inf t∈[0,1] u(t)‖u‖ for u ∈ K ∩ ˜ ⊂ K and condition (H4), the same derivation can be
used withM1 replaced by M˜ in Eq. (3.3) we obtain for any u ∈ K ∩ ˜
Au(0)
M˜‖u‖∑n−2i=1 ai(1− i) ∫ 10 a(s) ds
1−∑n−2i=1 ai > ‖u‖
which implies
‖Au(t)‖‖u‖, u ∈ K ∩ ˜. (3.18)
Therefore, it follows from (3.13), (3.16), (3.18) and Theorem 1.1 that,A has a ﬁxed point inK∩(˜\˜1)
and a ﬁxed point in K ∩ (˜2\˜). The proof of Theorem 3.2 is completed. 
Now, we discuss the existence of positive solution for the boundary value problem (1.1) assuming
f0, f∞ /∈ {0,∞}.
Theorem3.3. The boundary value problem (1.1) has at least one positive solution iff0< 2 andf∞> 1 .
Proof. In virtue of f0< 2, there exists a sufﬁciently small constant 1> 0 such that
f (u)2u for u ∈ [0, 1]. (3.19)
Deﬁne the ﬁrst open subset of E by
1 = {u |u ∈ E, ‖u‖< 1}. (3.20)
The same derivation can be used withM replaced by 2 in Eq. (3.9), we get
‖Au(t)‖‖u‖, u ∈ K ∩ 1 . (3.21)
On the other hand, since f∞> 1 , there exists a sufﬁciently large 2> 1 such that
f (u)
1u

for u ∈ [2,∞). (3.22)
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Now deﬁne the second open subset of E by
2 = {u |u ∈ E, ‖u‖< 2}. (3.23)
In virtue of inf t∈[0,1] u(t)‖u‖ for u ∈ K ∩ 2 ⊂ K , the same derivation can be used with M1
replaced by 1 in Eq. (3.3). Thus, we get
‖Au(t)‖‖u‖, u ∈ K ∩ 2 . (3.24)
Therefore, it follows from (3.21), (3.24) and Theorem 1.1 that, A has a ﬁxed point inK ∩ (2\1). The
proof of Theorem 3.3 is completed. 
In the same way, we can prove the following theorem:
Theorem3.4. The boundary value problem (1.1) has at least one positive solution iff0> 1 andf∞< 2.
Obviously, Theorems 3.3 and 3.4 imply the results in [10], so we generalize the results of Ma and
Castaneda.
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